
Ergodic Theory and Measured Group Theory
Lecture 15

Theorem
.

For a pimp T on IX.d)
,
TFAE

.

(1) T is weakly mixing ,
i. e. ¥ , :-#Tif , y> - Iffy / → O

,

H fig C- 1494.

(2) 3- busily 0 sit MEIN
,
sit
.
tin 4- if

, g)
= Iffy .

n→ d

NEM

(3) Txs on 111×4
,
Uxo) is ergodic for every ergodic paps outfit.

(4) Txt on lxxx, Mat) is ergodic
.

(5) Txt on 14×4
,
txt) is weakly nixing .

(6) Tis anticonput , i. e. V-uouwustautfc.MX, d) , ltif : i c- IN / is not

precontract in 1111,9).

Proof ( continued) . 111 ⇒ (3)
. Enough to show that for any

f- functions

flag) : -- f. 1×1 - f. (g)
, glxiy) :

-

-

g. 1×1
-

g.(g) , with sgdtxv-fg.de/%d0--0 ,
✗ ✗Y ✗the von Neumann ergodic theorem holds: !!

Y !!

¥ Éltxslif , g) → 0 =/ fdkvfgdr.ru . I 5

F-O
u → *

XXY ✗ ✗Y

-9!

< IT✗ 5) if ,g> = < IT ✗Sif
,
/gigilxyp + 4- ✗ 5)it , gixg,>

(1) (2)

(1) ¥, .Ék(T×s)¥, gixgpl-jn.IE?oktit..gidksit.,gi1
Fubini



Kady - Schwartz)E 11h11, 11%11, - t.F.oktifi.JP/
Ian as a] → 0 I recall fg ! di --0)

.

✗

yes
the Candy - Schwartz step : ksif, , g,> 1<-116%11211%11. .
= 11h11 , 11h11, tense Si is pup so the change at
variable holds .

(2) ( (txsi If , ✗ f.) , g- ✗ g, > =
< Tifygi > Lsifz , gig

[ g-, is constant and = fi.gg . < site , g, >

gtif , df= ff.dM-i.fi
,

by change d- variable] .

1- Édtxslilfixfl,gixgp-I-5.IT?.glsifysiht1i=O
{as a→ A → fi.I.fi . gi
151-5--01 = 0 .

41=>14 . To- IX. d) is in particular ergodic , so take 5 : -
-Talk:-X

.

(4) ⇒ IN
.
let f

,get IX.d) d we may assure tht go-to IX. 9) :=



the 144M : shalt --0) . We want to show

¥, ¥0k Tif,g > I → D= felt / gold
.

n → &

We apply the von Neumann ergodic K to f.fat gxg :

¥, Éltxtilfxf) , gxg> → ffxfdt.ro/qxgd9xM
"

i-wvffgfdmy.fgdrf-OCI-if.gl
By Canby -Schwartz,E.oktif.gs/YHT&kiif,gsFsOiu1Rhtlh- D

.

4) ⇒(5) . We know tht weak nixing of Txt is equivalent to
the ergodiiity of Txtxs fer my pup ergodic }.
But if i in weak mixing ,

then Txs is ergodic
ad pup ,

at here Txltxs ) is ergodic .

(5) ⇒ (4)
.

Trivial
.

(1) ⇒ (6)
. Enough to show tht tf C- Lily,H

,
if ftif : i c- IN}

is prewyract
,
then f--0

. Suppose IT if :(
'

c- IN} is pear -

pact , hence has finite 1 nets
.
But weak mixing makes



Tf orthogonal from every vector
, eventually , so this should

be a contradiction
.
let { < tllflh ,

and let ffyfy .,fm}
be an 1- net for /Tif : i c- IN} . Thus

, using T is pnp ,
llflli = lltifllz = ( Tif

, the> + 2Tif
,
1- if -fr)

Farage at var
"
drove u so bit 11T¥ - fall

,
< {

.

ICarly - Schwartz)E Hit , 1-a> I + lltifll, - 11T¥ - fall ,

lahaye of rail =/4- if, for>It 11ft/it

c- [ lctif , fast -1 HALLIE .

k=l

Taking averages : 111-11? c- ¥ É Éktif , fide llfllis
i--0 12--1

lbsh
,
tahini) = ¥, .IO/LTif,fnsI.tllfllis

In→ a) → 0 -1 111-11,1<1-111-11 ,
2 I

hence f- =D .

(6) ⇒ 4) . this is a bit too indued ,

read it in Joel Moreira's

blog , topic : weak mixing .



Week nixing is also equivalent to a strong form of naltiple
recurrence which we state now

.
This is 50% of

why the famous Multiple Rcurecce Theorem of Furstenberg
holds ( this theorem implies Szeweredi 's theorem)

.

Theorem# under lorpat/ Furstenberg) . An invertible pan 1- is

weakly mixing if and only ifV-iec-IN-EMIAAT-iAAT-iiAA.AT-

kilt) → MAIKn-11
i=o

Hi ④A has measure ✓ (A) -91T¥)
out of

- 91T
-"

As
a density 0 ! -

zigsit =MAI ?

Corollary ( Furstenberg 's Multiple Recurrence for weak nixing T1 . V- weakly
mixing p

-

p
T on 14th) at AEX of positive measure,

Kk 3- uh it .

MAAT"A AT"An . . .AT
- "A) > 0 .

Proof of Thoren * .

⇐
.

Too hard
,
will try to find a good ref .

⇒ ( the important direction hoards Multiple Rec.).



Read the proof in Joel Moreira 's blog .

But it uses the following famous trick :

lemma ( van der caput) . let (un) new be a bounded sesame

very weakly
of vectors in a Hilbert space H

.

If the unwell pairwise orthogonal , then ¥,Éui → 0 .

!! I:-O n → a

bin É lineup ¥ Étui, hits> =D .

w→& 5- 0 hey 1=0

this Kuna amplifies weak nixing (=: 1-recurrence) to

multiple recurrence .


